Abstract-This paper proposes a general motion planning method for manipulators on the basis of polynomial interpolation. The impact suffered by manipulators during movement can be eliminated by using this method. And this reduces vibration of manipulators largely. In order to overcome the difficulties in realizing the algorithm, a method of quadratic interpolation is proposed. With the method, the computation amount of motion planning is reduced, while the result is still with no impact. The motion planning experiments driving the manipulator's end effector to run a three-dimensional arc are carried out with a self-developed 6-DOF manipulator system. Through the experiments, it is verified that the motion planning method proposed is feasible and has good effects.
I. INTRODUCTION
anipulators have already been used very widely in automation in modern times. The structures of traditional industrial manipulators are all very bulky and heavy. And the ratio of the structural weight and the payload is very large. The purpose of this kind of design is to give manipulators sufficient rigidity to reduce vibration during movement. But the bulky, heavy design also results in low efficiency, high energy consumption and easy occurring of personal injury accidents. Currently, manipulators are experiencing a light-weight trend. Light-weight designs can enhance the ratio of the payload and the self-weight of manipulators, lower the driving power and the bulk of joint motors and greatly increase the safety of manipulator operation. Although there are many advantages of light-weight designs, the lighter weight will increase the flexibility of manipulators significantly, which will make vibration problems stand out. This raises new challenges of manipulator control to ensure operation accuracy.
Many scholars have researched in the field of manipulator vibration control. Singer et al [1] , Economou et al [2] , Baumgart et al [3] , Cole et al [4] - [6] research the problem of suppressing the residual vibration of the flexible links of manipulators, with the input shaping or low-pass filtering method respectively. Luo [7] , Ohta et al [8] , Seki et al [9] use the method of strain feedback to control the vibration of the flexible links. Guo et al [10] research the vibration reduction problem of flexible joints with harmonic reducers. They give Peng Chen, Feng Zhang, Long Cui and Hongyi Li is with State Key Laboratory of Robotics, Shenyang Institute of Automation, Chinese Academy of Sciences, Shenyang, 110016, China (corresponding author to provide phone: 0086-24-23970726; e-mail: chenpeng@sia.cn).
Peng Chen is with University of Chinese Academy of Sciences, Beijing, 100049, China. the conclusion that the joint vibration can be suppressed using vibration torque feedback PD controller to control the output torque of flexible joints. Shan et al [11] , Cao et al [12] research active vibration control of flexible manipulators on the basis of piezoelectric materials. They control the piezoelectric actuators with fuzzy control methods. And the link vibration of 2-DOF flexible link manipulators is suppressed successfully.
About the vibration control of manipulators, another straightforward idea is to minimize the introduction of vibration. This can be achieved through the motion planning method. The field of motion planning of manipulators has also been researched by many scholars. Zu et al [13] , Yang et al [14] , Chen et al [15] research the inverse kinematics optimization of redundant manipulators. These researches mainly focus on how to optimize manipulator trajectories, including singularity avoidance, joint limitation avoidance and obstacle avoidance. Fu et al [16] , [17] , Ju et al [18] research in the field of combining intelligent algorithms with the polynomial interpolation method. The purpose of their researches is to minimize the P-to-P motion time, with the constraint of manipulator velocity. None of these researches on motion planning involves how to reduce the vibration of manipulators while they are working. But actually, vibration is one of the main reasons manipulators have bad performance or even fail. Through motion planning, the impact suffered by manipulators during movement can be eliminated. Then the manipulator vibration can be reduced greatly. For no impact during the whole movement, the motion of the manipulator should start and terminate in the stationary state. And the position, velocity and acceleration of the manipulator should change continuously. Five-order polynomial interpolation method is the method that can meet all these requirements.
II. FIVE-ORDER POLYNOMIAL INTERPOLATION
Polynomial interpolation method is the classic method of manipulator motion planning. This method is also briefly introduced in robotics textbooks [19] . But the introduction is far from the practical use of the method. If it is assumed that the position of the manipulator is a polynomial function of time, the position, velocity and acceleration are all change continuously in a single motion represented by one polynomial function. So, if we want the position, velocity and acceleration of the manipulator always change continuously, the key is to ensure there is no jump of these quantities at the connecting points between motion segments. To meet the requirement, there will be 6 constraints for each motion segment represented by a polynomial function: the function value, the derivative function value, the second-order derivative function value at the time of start and termination should equal the position, the velocity, the acceleration of the manipulator at the time of start and termination, respectively. Under such constraints, the position-time function of the manipulator is expressed as 
In which, t denotes unitized time, which is defined as the ratio of current motion time and total motion time, and has the value range [0, 1]; t total denotes the total motion time; S 0 , S 1 , v 0 , v 1 , a 0 , a 1 denote the position, velocity and acceleration at the time of start and termination, respectively.
When a manipulator is required to produce the displacement S 1 -S 0 within a given period of time t total , the position-time function representing the motion with no impact is shown as (1).
III. METHODS
For a manipulator, the forms of motion are divided into P-to-P motion and end trajectory motion. P-to-P motion is the motion in the joint space; and end trajectory motion is in the Cartesian space.
A. P-to-P Motion
P-to-P motion only appoints the start point and the end point of the motion, and gives no consideration about the course of the motion. Appointing the start point and the end point is equivalent to specifying two groups of joint angles. All the joints of the manipulator will start from the start joint angles at the same time, and move to the terminate joint angles at the same time, spending the specified period of time. The motion should start in the stationary state, and terminate in the stationary state, too.
The position-time function of each joint's motion in the manipulator's P-to-P movement should follow (1) . And the constraints that the velocity and acceleration at the time of start and termination should be 0 must be satisfied. The form of the function is
In which, t denotes unitized time; S 0 , S 1 denote the position at the time of start and termination respectively.
B. End Trajectory Motion 1) Theory:
End trajectory motion refers to the motion of the manipulator's end effector along the specified trajectory in Cartesian space. The Cartesian space may be an arbitrary reference coordinate system, which is often chosen as the world coordinate system, the tool coordinate system or the workpiece coordinate system. For non-redundant manipulators, we have
We also have
In which, θ  denotes the joint velocity of the manipulator; x  denotes the velocity of manipulator's end effector, which consists of linear velocity and angular velocity; J denotes the Jacobi of the manipulator.
It can be obtained from (6) that, when the manipulator is not at singular configurations, i.e. when the inverse Jacobi of the manipulator J -1 exists, the joint acceleration of the manipulator θ   is continuous if the velocity x  and acceleration x  of the manipulator's end effector and the derivative of Jacobi J  are all continuous. The Jacobi of the manipulator is a function of joint angle θ
In which, n denotes the number of manipulator's DOF. It is known from the form of Jacobi J, that ∂J/∂θ i (i=1, …, n) are also the functions of joint angle θ. That is, ∂J/∂θ i (i=1, …, n) are continuous. It is known from (3), when x  is continuous, θ  is also continuous. So, when x  is continuous, J  is continuous.
In summary, we can conclude that: when the manipulator is not at singular configurations, if the position, velocity, acceleration of the manipulator's end effector are all continuous, the manipulator's position, velocity and acceleration in the joint angle space are also continuous. The opposite conclusion can be proved easily. That is, when the manipulator is not at singular configurations, the fact that the manipulator's position, velocity, acceleration in the Cartesian space are continuous is equivalent to the fact that the manipulator's position, velocity, acceleration in the joint angle space are continuous. Thus, if we do the motion planning with no impact in the Cartesian space, the planned motion of the manipulator is also with no impact in the joint angle space.
The motion planning of the manipulator in the Cartesian space satisfies (2) . In which, S(t) denotes the curve coordinate in the Cartesian space. Combining it with the equation of the task curve, the position of the manipulator's end effector x(t) at time t can be derived. Through the inverse kinematics of the manipulator, x(t) can be mapped to the position in the joint angle space at time t, i.e. θ(t). Of course, one x(t) will be mapped to several θ(t)s, generally. The nearest solution to the current position should be chosen, in order to ensure the continuity of the velocity in the joint angle space.
2) Quadratic Interpolation Method: The planning method of end trajectory motion with no impact given above is only a theoretical one. When practically realizing the algorithm, a difficulty will be met, that the interpolation frequency of the end trajectory motion planning method is impossible to be as high as the one of P-to-P motion planning, because the calculation amount of the end trajectory motion planning is obviously larger than the one of P-to-P. If we lower the interpolation frequency simply, the manipulator will begin to vibrate.
The method to solve this problem is quadratic interpolation. That is, firstly do the interpolation of the end trajectory motion planning with relatively low frequency, and then use P-to-P interpolation between the interpolation points obtained from the first step. The frequency of the first interpolation needs choosing according to the accuracy requirement of the manipulator's end trajectory. Because the distance intervals between the end trajectory interpolation points directly determine the accuracy of the end trajectory, the end trajectory interpolation frequency should be adjusted dynamically, in order to ensure that the distance intervals between the end trajectory interpolation points have steady values. The effect of the second interpolation is to connect the interpolation points derived from the first step with high-frequency P-to-P motions, which can smooth and stabilize the whole end trajectory motion. Because the interpolation points obtained from the end trajectory interpolation carry the information of velocity and acceleration, the P-to-P interpolations between them follow (1).
To calculate the joint velocity and joint acceleration in (1) needs the end velocity and acceleration of the manipulator in theory. When doing end trajectory interpolation with (2), the end velocity and acceleration of the manipulator along the trajectory direction can be obtained, expressed as
Combining it with the equation of the task curve, the end velocity ) (t x  and acceleration ) (t x   of the manipulator can be obtained. The theoretical calculating methods of joint velocity and joint acceleration in (1) are (3) and (6), respectively.
This kind of method to calculate joint velocity and joint acceleration has very high theoretical accuracy. But its calculating amount is very large, and its high accuracy is hard to be realized in practice for many other factors. In practice, we use difference method to calculate the joint velocity and joint acceleration at the end trajectory interpolation points. Firstly, calculate the joint position at the end trajectory interpolation points with the method in III. B. 1). And then, calculate the corresponding joint velocity and joint acceleration according to the formulae below In which, θ, θ 1 , θ 2 denote the joint positions at the current interpolation point, the last interpolation point and the next interpolation point respectively (the interpolation points refer to the ones obtained from the first interpolation); ω, α denote the joint velocity and joint acceleration at the current interpolation point, respectively; T denotes the interpolation period of the first interpolation.
IV. EXPERIMENTS
We will carry out experiments with a manipulator system, whose link lengths and establishment of coordinate systems are as shown in Fig. 1 . The manipulator system in the experiments is totally self-developed, including the mechanical structure, the electronic devices and the control units. The manipulator has 6 rotational degrees of freedom, and the configuration of its degrees of freedom is the same as PUMA560 robot's [19] . The purpose of the experiments is to verify the feasibility of the motion planning method proposed in this paper. The manipulator adopts two-level control structure, to achieve quadratic interpolation algorithm. The upper-level control unit is an IPC, and the lower-level control unit is a PMAC. We will use the system to test the performance of the manipulator through driving it to run a three-dimensional line and a three-dimensional arc.
A. Experiment of Line Motion
We assign the start point and the end point of the line. The manipulator end is driven to go along the line determined by these two points. The coordinates of the two points are both defined in the base coordinate system of the manipulator (X0-Z0 in Fig. 1 ). They are respectively: (310, 0, 727) for the start point, (50, 400, 500) for the end point, in which the unit is mm. The time of the line motion is assigned to 5 seconds. The line in the three-dimensional Cartesian space is as shown in Fig. 2 . The joint position commands and the joint velocity commands sent to the manipulator joints are as shown in Fig.  3 and Fig. 4 , respectively. Because the interpolation level of the PMAC can only go up to the velocity level, no acceleration command is sent to the manipulator joints. The practical joint positions and joint velocities sent back from the manipulator joints are as shown in Fig. 5 and Fig. 6 . It can be learnt that the practical joint positions coincide excellently with the positions shown in Fig. 3 . The errors between them are as shown in Fig. 7 . The errors of all the joints are smaller than 0.6°. The practical joint velocities fluctuate in narrow bands around the joint velocity curves shown in Fig. 4 .
B. Experiment of Arc Motion
We assign the start point of the arc, the end point of the arc and another point the arc will go through. The manipulator end is driven to go along the arc determined by these three points. The coordinates of the three points are all defined in the base coordinate system of the manipulator. They are respectively: (310, 0, 727) for the start point, (50, 400, 500) for the end point and (250, 200, 600) for the third point, in which the unit is mm. The time of the arc motion is assigned to 5 seconds. The arc curve in the three-dimensional Cartesian space is as shown in Fig. 8 . The experiment of arc motion is similar to the one of line motion. The joint position commands, the joint velocity commands, the joint position feedbacks, the joint velocity feedbacks are shown in Fig. 9 to Fig. 12 respectively. It can be learnt that the practical joint positions coincide excellently with the positions shown in Fig. 9 . The errors between them are as shown in Fig. 13 . The errors of all the joints are smaller than 0.6°. The practical joint velocities fluctuate in narrow bands around the joint velocity curves shown in Fig. 10 . The effect of motion control in the experiments is good enough to achieve the task of capture and release. But there is still large space for improvement. Firstly, attributed to the bottleneck of communication speed between the two levels of control units, the interpolation frequency of the upper-level control unit is assigned to only 20 Hz currently. Secondly, the interpolation level of the PMAC in the lower control level can only go up to the velocity level, instead of the acceleration level. Improving these two aspects can upgrade the performance of the manipulator greatly. And the increase of the interpolation frequency of the upper-level control unit is particularly important.
V. CONCLUSIONS
This paper proposes a kind of general motion planning method for manipulators. The impact suffered by manipulators during movement can be eliminated by using this method. And this will reduce vibration of manipulators largely. As to the practical realization of the motion planning method, a method of quadratic interpolation is proposed. Ensuring the precision of the manipulator end, the quadratic interpolation method can reduce the computation amount of motion planning, as well as ensure the movement is still with no impact. The feasibility of the motion planning method proposed in this paper is verified by means of experiments. The experiment results are not optimal under current experiment conditions. The self-developed manipulator system should be improved in 2 aspects: increasing the interpolation frequency of the upper-level control unit and enhancing the interpolation capability of lower-level PMAC to the acceleration level.
In addition, it should be noted that the motion planning method proposed in this paper cannot eliminate residual vibration of manipulators. We still need feedforward control and feedback control [1] - [9] to eliminate the residual vibration. How to combine the motion planning method proposed in this paper with the feedforward and feedback vibration control method, is the research topic needing to be studied next.
